KRR K22P 1603

NEMEe e
| Semester M.Sc. Degree (C.B.S.S. — Req./Sup./Imp.)
Examination, October 2022
(2019 Admission Onwards)
MATHEMATICS
MAT1CO3 : Real Analysis
Time : 3 Hours Max. Marks : 80

FART — A
Answer four guestions from this Part. Each guestion carries 4 marks :
1. Prove that compact subset of metric spaces are closed.
2. Give an example of an open cover of the segment (0, 1) which has no finite

subcover.
3. Iff( |>-: |. Show that {'(0) does not exist.
4. Using L'Hospital's rule, evaluate Ef”“é ﬂ
X

5. Show that the polynomial f(x) = x* + X" + x* + X + 1 is of bounded variation
on [0, 1].

b
6. If |[fde=0 forevery f which is monotonic on [a, b]. Prove that = mus! be a

constant on [a, bj.

PART-B

Answer any four questions from this Part without omitting any Unit. Each question
carries 16 marks .

- Unit — |
7. a) Prove the following :

) Forany collection {G_lof open sets, || G is open.

iy For any collection {F_} of closed sets, | M _F_isclosed.

iiiy Forany collection G, G, ..., G_of open sets, [1]G is open.

iv) Forany collection F_, F_, F of closed sets, | I'F is closed.

Bl Show thal there exisl a pPrfr-rE %Di *n R' which contain no segmenl.
P.T.O.
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8. a) Let A be the set of all sequences whose elements are the digit 0 and 1.
FProve that A is uncountable.

b) Prove that countable union of countable set is countable.

9. a) Prove the following : Suppose Y — X. A subset E of Y is open relative to Y
if and only if E = G m Y for some open subset G of X.

b) Let A, B are two subsets of a metric space X. Frove that
) (AuUB)=AUB
i) (AnB)cAnB.
Unit =1l

10. a) State and prove the Generalized Mean Value Theorem.
b) Suppose f'(x) > 0 in (a, b). Prove that f is strictly increasing in (a, b)
and let g be its inverse function. Prove that g is differentiable and that
: 1
g'{f(x)) = 700
¢) Prove the following : If f is monotonic on [a, b] and if « is continuous on
[a, b], then t = R{=).

cacxab

11. a) Iff, g = R(u) on [a, b]. Prove that (i) f g € R{w) (i) |f| € R () and

b

[tda <[flda:

b) Prove the following :

4]

iy If f(x) < g{x) on [a, b], then TI‘ doc = J‘gdm.
i) 1ff < R(=) on [a, b]and if a < ¢ <b, then f & R(=) on [a, ¢] and [c, b
12. a) State and prove L' Hospital's Rule.
b) Suppose a and ¢ are real numbers, ¢ > 0, and fis defined on [ -1, 1] by
fix) = x" sin{lxl %), x # 0, and f(0) = 0. Prove the following :
i) fis continuous if and only ifa > 0.
iy P (0)existifandonly ifa =1
iy " iscontinuous ifandonlyifa>1+c.

) f (0) existif and only ifa =2 +c.
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Unit =11l
13. a) State and prove the fundamental theorem of calculus.
b) Letf be of bounded variation on [a, ¢] and [c, b]. Prove that
*u’l{a, b) = Ur{a, c) + Ur{c, b).
14. a) Assume thatf, g are each of bounded variation on [a, b]. Prove that
V. <V +V andV_< AV + BV forsome A B =0.
[+g { q fg f qJ
b) Show that the function f(x) = x sin [1J x = 0 and f(0) = 0 is not of bounded
b4
variation on | Q, =
T
15, a) Giventhatf=e®"ift e [0, 1] and f=e"™"ift < [0, 2]. Prove that the
length of g is twice as that of {.
b) Prove that : Two paths f and g in R" are equivalent if and only if they have
the same graph.
c) Examine whether the function f(x) = x° cos (-1 } x= 0, {{0) = 0is of bounded
X

variation on [0, 1].



