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MATHEMATICS

MAT1CO1 : Basic Abstract Algebra
Time : 3 Hours Max. Marks : 80

PART — A

Answer any four guestions from this Part. Each question carries 4 marks.
1. Find all abelian groups, up touisomorphism of erder 32.

2. Prove or disprove : Every abe!-ién' group of order 30 is cyclic.

3. Prove that the field Q is a field ;tjf guotiénts of Z.

4. Show that the group.Z has no _princ'lpaf series.

5. Show that +/2 is not a rational number.

6. Find all p such that ?F"JQrE is.afactor of x* 4%+ x2 < x +1 in Zo[x].

&

PART — B

Answer four guestions from this Part without omitting any Unit. Each guestion
carries 16 marks.

Unit —1

7. a} Prove the following : Let X be a G —set. Then |G, | = (G : G,). If |G] is finite,
then |G, | is a divisor of |G].

b) State and prove The first Sylow Theorem.

P.T.O.
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8. a) Let G be a group of order 108. Show that there exists a normal subgroup of

10

2

12,

order 27 or 9.

b) Arethe groups Z, x Z,q X Zyg and Z5 x Zqg x 2,5 isomorphic 7 Why or why
not ?

c) Prove that the center of a finite non-trivial p-group G is non-trivial.

(H) ()

(HAK)

a) If H and K are finite subgroups of a group G, prove that |HK|—

b) Prove that every group of order 255 is cyclic.

c) Show that every group of order 30 contains a subgroup of order 15.

Unit,;-. n

a) Prove the following : Let“F t}ea freid of qumrents of D and let L be any field
containing D. Thenthere emsts a map W F —» L that gives an isomorphism
of F with a subfield of L 'slich thatw{ ) =@ foralla eD.

b) Show that Q underaddition)] Is not a iree abelian group.

gl Let G =2Z x Zex X, Ha Zxen{ﬁ} andN [0} x Z x Z. Show that HN/N
isomorphic to 7 and HI(HdN] |50morphlc ti.'.‘] ¥

a) Prove that any two f|eids Of quotlents nfa;p mtegral domain D are isomorphic.

b) Deseribe the ﬁeld Ffof-quohents of the mtegral subdomain (n+2miln, me Z}
of C.

c) State and prove the second Isom:::rp;ﬁ'ism Theorem.

a) Leto: Z,; — Z,, be a homomorphism where (1) = 8.
_i) Find the kernel K of ¢.
ii) List the cosets in Z,g/K.
i) Find the group ¢[Zg].

b) Show that §_ is not solvable for n = 5.

c) Show that if G and G” are free abelian groups, then G x G’ is free abelian.
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Unit =1l

P

13. a) Prove that the polynomial @ (x)= > 1
x_

is irreducible over Q for any prime p.

b) Prove the following : Let R be a commutative ring with unity. Then M is a
maximal ideal of R if and only if R/M is a field.

14. a) Prove the following : Let f(x) € F[x], and let f(x) be of degree 2 or 3. Then
f(x) is reducible over F if and only if it has a zero.n F.

b) If B is a ring with unity and N is-an ideal of R'containing a unit. Prove that
N = R.

c) Does 25[x]£{x3 + 3x + 2} is a field 2 Justify four answer.
d) Describe all ring hﬂmomqrphisms_of‘z‘-x Z rﬁ 1oL 2.
15. a) Prove the following : If R is a ring with'unity, then the map ¢ : Z —» R given
by a(n) = n.1 for ne Z is a homomorphismof Z in to R.
b) State and prove The Eisenstein Critt—%rinn.

¢) Show that 25x° —Ox? — sz— 12 js'irreducible over Q.




