DRSO T A K22P 1604

Heg. No. : ...

b o T 2 N S

| Semester M.Sc. Degree (CBSS - HngSupJ’lmp ] Examination, October 2022
(2019 Admission Onwards)
MATHEMATICS
MAT1C04 : Basic Topology

Time : 3 Hours Max. Marks : BO

PART - A
Answer any four questions from this Part. Each question carries 4 marks. (4x4=16)
1. Prove that every 0-dimensional T, space is totally disconnected.

2. Let X be a set with at least two members and let 7 be the trivial topology on X.
Then show that (X, T) is not metrizable.

3. Define usual topology and lower limit topology on .

4. Let (X, T) be a topological space, let A be a subset of X and let 15 be a basis
for 7. Then prove that (B m A : B £ B} is a basis for the subspace topology on A.

5. Let (X,, 7,) and (X,, 7,) be Hausdorff spaces and let 7 be the prm:fu;:t topology
on X = X, x X,. Then prove that (X, T) is a Hausdorff space.

6. Examine whether E — {0} with usual topology is connected or not.

PART — B
Answer any four questions from this Part without omitting any Unit. Each question
carries 16 marks. (4x16=64)
Unit = |

a) Let d be the usual metric for E". Then show that
A ={(xq, X5, .., %) & BN foreachi=1,2, ..., n x is rational} is a countable
dense subset of ™.

b) Frove that every complete metric space is of the second category.
P.7.0.



K22P 1604 2 AR e

c) Let (X, T) be a topological space, let (Y, d) be a metric space, letf: X — Y
be a function and for each n € 14, let f, : X — Y be a continuous function
such that the sequence (f ) converges uniformly to f. Then prove that f is
continuous.

8. a) Prove that a family B of subsets of a set X is a basis for some topelogy on
Xifandonlyif: (1) X = {B: B cB} and (2) if By, Boec Bandxe B, m By,
then there exists B € F such that x e B and B ¢ B, m B.. .

b} Let Tand 7" be topologies on a set X and let 55 and 5’ be bases for Tand 7°
respectively. Then prove that the following conditions are equivalent :
1) 7" is finer than 7.
i) Foreach x « X and each B & B such that x ¢ B, there is a member B’ of &’
such that x e B"and B’ — B.

c) Show that the lower-limit topology on B is not the usual topology on .

9. a) Let A be a subset of a topological space (X, 7), and let x € X. Then prove
thatx e A if and only if every neighborhood of x has a nonempty intersection
with A.

b) Let A be a subset of a topological space (X, 7). Then prove that A = A A,
c) Prove that every second countable space is separable.

Unit =1l

10. a) Let {{X,, 7 ) : o e A} be an indexed family of topological spaces, and for
each o c A, let (A, 1,,) be a subspace of (X, 7,). Then prove that the
product topology on Iy o4 A, is the same as the subspace topology on
[T, ., A, determined by the product topology on [T s ik

b} Let {{X,, 7,) : &t & A} be an indexed family of first countable spaces, and
let X =11, ., X,,- Then prove that (X, T) is first countable if and only if 7 is
the trivial topology for all but a countable number of .

11. a) Let{A, 7,) be a subspace of a topological space (X, 7). Prove that a subset
C of A is closed in (A, T,) I and only there is a closed subset D of (X, T)
suchthat C= A~ D.

b) Let (X, T) and (Y, i) be topological spaces, letf: X — Y be a function, and
let {U, -« = A} be a collection of epen subsets of X such that

X=U, ,U,andf| U, — Yis continuous for each « ¢ A. Then prove
that fis continuous.

¢} Prove that the function f : 2 — %2 defined by f(x) = (x, 0) for each x ¢ & is

an embedding of @ in 22,
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12. a) Let (X, T), (Y,, i;) and (Y, I,) be topological spaces and letf: X — Y, x Y,
be a function. Then prove that f is continuous if and only if &y o f and n, o f
are continuous.

b) Let (X, 7;) and (X,, 7;) be Hausdorff spaces, and let 7 denote the product
topology on X = X, x X,. Then prove that (X, 7) is Hausdorfi.

c) Let (X, 7,) and (X,, 7,) be topological spaces, and let n, and n,, denote the
projection maps. Then prove that 5 = : 77 (Wl e T : Ui, (Vi:VeT, :
is a subbasis for the product topology on X; x X.,.

Unit = 11l

13. a) Let ({(X,, 7,) : @ = A} be a collection of topological spaces, and let 7 be
the product topology on X = ﬂm\. KXo . Then prove that (X, 7) is locally
connected if and only if foreach we A, (X, 7,,) is locally connected and for
all but a finite number of 2 = A, (X, 7,,) Is connected.

b) Prove that a topological space (X, 7) is locally connected if and only if each
component of each open set is open.

c) Let (X, T) be a topological space and suppose X = A w B, where A and B
are nonempty subsets that are separated in X. If H is a connected subspace
of X, then prove thatH c AorH < B.

14, a) Let (X, /) be a topological spaces and let A c X. Then prove that the following
conditions are equivalent :

i) The subspace (A, 7,) is connected.

i) The set A cannot be expressed as the union of two nonempty sets that
are separated in X.

i) TheredonotexistU, Ve TsuchthatU nAz@, VA8 UnVmAzd
and A — U,

b) Prove that the closed unit interval | has the fixed-point property.

c) Let (X. T) be a topological space and suppose X = A w B, where A and B
are nonempty subsets that are separated in X. If His a connected subspace
of X, thenprovethatHZz AorH ¢ B

15.-a) Prove that each path component of a topological space is pathwise
connected.
b) Show that the topologist's sine curve 1s not pathwise connected.

c) Deline path product of two paths in a topological space.



