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First Semester M.Sc. Degree (CBSS-Supple. (One Time Mercy Chance)/Imp.)
Examination, October 2023
(2017 to 2022 Admissions)
MATHEMATICS
MAT1CO04 : Basic Topology

Time : 3 Hours Max. Marks : 80
PART — A

Answer four questions from this Part. Each question carries 4 marks.
1. Let A be a subset of a topological space (X, 7)~Prove that A=AUA'.
2. Let A and B be subsets of 4 topulogicai space (X, #). Prove that
1) Ais open if and onlyif A =.int (A).
i) int (A) wint (B} < int (A ©B).
3. Let A be a subset of a topological space (X, 7). Prove that 7, is a topology on A.
4. Prove that every subspace©fa S?parable metric space is separable.

5. Prove that a topofogicai_space_f{'}(, I} is connecied if and only if it cannot be
expressed as the union of two nonempty sets that are separated in X.

6. Provethata topq]og’j'ica[spécc is locally pathwise connected if and only if each
path component of each open set is open.

PART —B

Answer four questions from this Part without omitting any Unit. Each question carries
16 marks.

Unit =1

7. a) Provethata family :# of subsets of a set X is a basis for some topology on
X ifand only if :
i) X=14B:B 8} and
i) By, B, cafandx e By m B,, then there exists B € ¢# such that x < B
and Bc B, m B..
P.T.O.
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10.

b)

c)

b)

Let X = {1, 2, 3} and let &2 = {{2}, {1, 2}, {1, 3}} be a basis for /. Find 7.

Let ¥ be a set and let & be a collection of subsets of X such that
- {S: 5 = ). Prove that there is a unique topology 7 on X such
that .# is a sub-basis for 7.

Let (X, d) be a metric space, and define d : X x X —» T by &{x, y) = min {d(x, y), 1}.
Prove that d is a metric on X and the topology induced by d is the topology
induced by d. Nt

y,

Prove that every separable metric sp:p__aée"fé second countable.
* 9 .
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Give an example of a separable space which is not second countable.
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Let A be a subsetofa metric. space {X d). Prove that the following statements
are equivalent : {

N o

i) Ais nowhere dense. (%" 0¥

i) If U is nonempty r:-pen subeet "ol X then there exists a nonempty open
set V sdth thatdec U and VAR =TS

i, ‘::_.(' /
iy Every nonempty open set in X, conta?ns an opcn hall whosc closure is

disjoint froam A )

-
-

State and prove Baire Category theor’eﬁ_ﬁh.x =

Unit —1I

a)-Let A be a closed subset of a topological space (X, 7). If C is closed in

b)

c)

(A, 7,), prove that C is closed in (X, 7).
State and prove Pasting lemma.

Prove that the function f : |2 —» &2 defined by f(x) = (x, 0) is an embedding
of & in 22,
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11. a) Let (X, d,) and (X,, d,) be metric spaces, for each i = 1, 2 let J, be the
topology on X, generated by d, and let 7 denote the product topology on
X = X, x X,. Furthermore let ¥ denote the topology on X generated by the
product metric d. Prove that 7 = ¥.

b) Let (X, 7), (Y4, #;) and (Y, #,) be topological spaces and letf: X —» Y, x ¥,
be a function. Prove that fis continuous if and only if.ref is continuous for
cachi=1;%;

c) Prove that the function h ; B — 12 x |2 defined by h(x) = (x° + 4, x° — 2x + 6)
is continuous. X

12. a) Let {(X_, 7_) : « € A} be an indexed family-of topological spaces, and for
7 ,). Then prove that the

:1' :

each a € A, let (A, J‘A ) be a subspace of (X
product topology on ]_[ A__is the same-as the subspace topology on ]_[A

is determined by the product mpefogy on ]—[X

b) Let {(X,. 7,) : « & A} be a edllectionof topological spaces, let X be a set,
and for each a e A letf, *X H>Xbe afunction. Let 7 be the weak topology
on X iducedby {f, oo = A }and let (Y, ¥) be 'a topological space. Prove that

a function : Y - X is ccntmuous if and. on Iy if !c:r each o € A, f ol Y = X,
IS contmuc}us : :

Unit =N :
13.7a) Let (X, 7) be a topological space and let A — X. Prove thatl lhe following
conditions are equivalent :

- i) The subspace (A, 7,) is connected.

i) The set A cannot be expressed as the union of two nonempty sets that
are separated in X.

iiiy There does notexist U,V e7suchthatUmA+@, Vi Az&,
UnVrA=andAcUnmV.
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b) Prove that (&, J) is connected, where 7 is the usual topology on K.

c) Prove that | = [0, 1] has the fixed point property.

a) Prove that the topologist’'s sine curve is connected but not pathwise
connecled.

b) Give an example of a pathwise connected space which is not locally
connected.

a) Let {{X, 7 )« e A} be acollection of ‘-topoltﬁgiml spaces, and suppose that
for each « € A, X # @. LetX = [IK and let 7 be the product topology

on X. Prove that (X, 7} is cannected: If and cml}r if, foreach @ € A, (X, 7,)
is connected. ’

b) Define Cantor set. Prove That-iﬁa Cantor sebis tolally disconnected.




