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PART —#4

Answer any 4 questions. Each queshon carrles 4 marks.
1. Show that every countable: set has measiire zero

2. Define measurable function. Show thal every continuous functions are
measurable.

3. Let f(x) is function defined on [0 2] deﬁned by : f(x) = 1 for x rational, if x is
irrational, f(x) = —1, then find,} 1 fdx. SR
4. If A and B are disjoint measurable sets; then show that |, fdx = J,, fdx + [ fax.
5. Show that L.*(X, u)is-avector space over thereal numbers.
6. State and prove Minkowski's inequality.
PART =B-
Answer any 4 questions without omitting any Unit . Each question carries 16 marks.
Unit -1
7. a) Prove that Every interval is measurable.
b) Define Borel sets. Show that every Borel set is measurable.

8. a) Shcw that collection of measurable function forms a vector space over real
numbers.

b) Show that Borel set is a proper subset of Lebesgue Measurable sets.
9. a) State and prove Fatou’s Lemma.

b) Letfand g be non-negative measurable functions. Then show that
[ fdx + | gdx = [(f + g)dx.
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Unit =1l
State and prove Lebesgue’s Dominated Convergence theorem.

Let f be a bounded function defined on the finite interval [a, b], then prove
that f is Riemann integrable over [a, b] if and only if it is continuous a.e.

Let u* be an outer measure on H(R) and let S* denete the class of p°
measurable sets. Then prove that §" is a o ring and 1" restricted to §” is a
complete measure.

If wis a o-finite measure on a ring K, then show that it has a unique extension
to the -ring S(R)..-

Let f be bounded and measurabie ona ilmte mter‘ua! [a, b]and 1et e >0, then

a finite interval and | [f N Q'dx‘ﬁn ¢’ ‘o

Define c-finite and cﬂmplete measure on a nng R. Also show that Lebesgue
measure m defined on M, the ciass of measurable sets of it is o-finite and
complete. o A,.,’
Umt 'III ,
AN | AW AmT J'kﬂ
Define L” Space for ﬁ;b < oL Also! ‘sh uﬁh ifuX) <wand0<p<g<w
then show that L) < L) N

State and prove Hij]d»gfs Inequality. When dnes'fts equality occurs 7

Let f_ be a sequence of measurable functions; fﬁ;i:k %5.[0, <), such that 00T
for each x and letf = lim-f_‘then prove_th'a_tff-.f_dx: lim [ 1. du.

Let [[X, S, u]] be a measure space and f anon-negative measurable function.
Then prove that ¢(E) = |, fdu is a measure on the measurable space
[[X, S]]. Also show that if | fdu < oo then Ve > 0, 38 > 0 such that if A« S and
w(A) < o, then v(A) < .

i 1<p<wand (f}is a sequence in L (u) such that Ity = fll, — O as
n, m — = then show that there exists a function f and a sequence {n,} such
thatlim f, =fa.e. and fe L°(p).

1

Let f be a sequence in L*(u) such that ||f —f_|| = 0 as n, m — . Then
show that there exists a function f such that lim f_ = f a.e, f € L"(1) and
jim |[f, —1]l,, = 0.
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