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MATHEMATICS
MATA4C15 : Operator Theary

Time : 3 Hours _- Max. Marks : B0

PART.= A

Answer four questions fram this Part. Each guestion.carries 4 marks.

2

Let X be a normed space-and A= BL(X)./Show that A is invertible if and only

if A is bounded below and surjective.

Give an example to show.that net every bounded sequence in X’ has a weak*

convergent subsequence.

Let Y.be & Banach space;, F, e CL(X,Y), Fe BL(X, Y) and ||F,, - F|| — 0. Prove
that F e CL(X, Y).

Let X be an infinite dimensional normed space and A € CL(X). Prove that
0 e o,(A)

Let H be a Hilbert space. Consider A, B e BL(H), prove that (A +B)* = A"+ B*
and (AB)" = B"A".

Let H be a Hilbert space and A € BL(H). Prove that A is normal if and only if
[IA(x)]] = ||A*(x)|| for all x e H. (4x4=16)

P.T.O.
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PART - B

Answer four questions from this Part without omitting any Unit. Each question

carries 16 marks.

Unit - |

7. Let X = [P with the norm || Hp' 1 <p<es, Forx=(x(1), x{2%"..0) € X, let
C(x) = (0, x(1), x(2), ..). Find 6(C), 0,(C) and o,(C).

8. Prove that dual of /! is /™,
9. a) Let X be a Banach space, A € BL(X) and [JA|| <. for some positive integer p.
Show that | — A is invertiblg and ([=A) = 5 A"
. ' n=40

b) Show that x, —*< x in /' if'and only.if x, — xin /1.

Unit =11

10. Let X be a reflexive:normed.Space. Prove thai.
a) X is Banach'and it remains.eflexive in any equivalent norm
b) X' is reflexive
c). Every closed subspace of X is reflexive

d) X is separable if and only if X" is separable.
11. a) Let X be a Banach space which is uniformly convex in some equivalent
norm. Prove that X is reflexive.
b) Let X and Y be normed spaces and F e BL(X, Y). If F £ CL(X, Y), show that
-F" e CL(Y’, X').

12. Let X be a normed space and A € CL(X). Prove that every nonzero spectral

value of A is an eigenvalue of A.
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13. a) Let H be a Hilbert space and A & BL(H). Prove that R(A} = H if and only if

A* is bounded below.

b) Let H be a Hilbert space and A  BL(H). Prove that A is unitary if and only

if [|A(x)|| = ||x|| for all x € H and A is surjective.
c) Give examples of positive operaters A and B such that composition operators
AB may not be a positive operator.
14. a) State and prove generalized Schwarz ineqUality_.
b) Let A e BL(H). Prove that 6 (A) « w(A) and g(A)is contained in closure of m(A).

15. a) Let A € BL(H) be normal.’If x,-and x, are eigenvectors of A corresponding

to distinct eigenvalues, prove that x, 4 x..

b} Let A € BL(H) be Hilbert Schmidt operatorsProve that
i} Als compact.

ii) A*is Hilbert Schmidt operator. (4x16=64)



