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I\,IATHEMATICS
|\IAT4C15 : Operator Theory

PART A

Answer fourquestons irom this Pari. Each question caiiies 4 marks

1. Lel x be a .o.rned space over K. lf A,B € BL(X) and k + 0, then prove thal

April2019

t- (E) and der ne

lhalA€BL(H)is
l\,4 is ir angu ar.

(4xa=16)

2.

3.

k € o(ABl lr and only ii k E 6(84).

xnirxandynJwy n a normed space X lhen show that xn + vn rw x + y

ntercret unilorrn convexiiy geometrically.

Deiine numer calrange oi an operaloron a Hilbertspace and prove ordisprove
rhal ii is c osed subsel ol K.

Let E b€ a measLrrable subset oi lR and H = L'?(E). Fix z ln

A(x)= zx x e H. Showthai A ls formal.

L.r u, L>. onsl.l, l. ar olho o m"l bas's 'o H S-ooo'e
oF' eo bl a Tar \ \,4 wrlh respe.r Io -j. L/..... Assune hdl
Tlrei show thal A is normal if and onlv il [l is d asonal.

PAFT B

Answer fourquesiions irom ihis Pad wilhoul orn tting any Unit Each qLreslon

Unit - |

7. a) Let X be a normed space and A € BL(X)be olliniie rank. Then showthat

o€ (A)= oa (A)= 6(A)
b) Let X a Banach space. ll A, B € BL(X), A s nved ble and . - | (A B)A-r I < 1

rhens.orr'dlBF.velba.B A'f ,e-A'e '.,e . -,
a=a

and B -A_ -r I.
I P.r o,
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r1.

a) Slate and prove Spectral radius lormula.

b) Lel X be a nomed space. Then prove that il X' ls separable, so is X

a) Show that ihe dua oi co wilh lhe norm l - is linear v sometric to 11.

b) Lel X be a normed space and {xn)be asequence in X Then prove lhar (xn}

is weak convergenl n X if and only il

) (xn)is a bounded sequence in x and

ii) the,e s some x c x such that x'(x")- x'(x) ior everv x' ln some
subset oi x' whose span ls dense in X'.

r3. a)

b)

Unit-ll

a) Lel X be a Banach space which is Lrn fomlv convex in some equ vaent
norm. Then prcve lhat X is reile)(ive.

o, 061." , onpd I rea'nrp and gire d ",anple

a) Lel X and Y be nonred spaces and F : e BL(X Y) ll F € cL(X, Y), then

prove that F'€CL(Y'.X'). Also prove lhe converse ii Y is a Banach

b) Lel x be normed space and A € cL(X), and 0+ k € K. ll (xr) is a bounded

sequence n X such thal A(xn) kx" - y in X, ihen prove lhal llrere is a

subseqlence (rn) ol (xn) such ihat xhr - x n X and A(x) kx = v'

a) LetX bea inearspace A:X .X inear and A(xn) = knxn ior some 0 + xn e X

do!. h I2. l el l. ' "T w'._ev'r n - T f_en pror" 'hal

l/, ") ..) s nea,ly rndependenl subsei of x

b) Lel\ b-d lolrLed sodce.'d A C-^r.T.elprover.dre\oryeoe'spdce
ol A conesponcl ns to a nonzero eigenvalue oi A is linile d rnensional'

.)

IJnit-lll

Deline nverilble oDeralor. A so q ve an examp e oi an invedible operalor'

L€i H be a Hilbert space consider A € BL(H) Then prove thai z(A) = F (A')r
andZ(A')=R(A)r AsoprovethaiAlsinjecliveilandonlvilR(A')isdense
in H, and A' is injeclive ii and only if R(A) s dense in H.

Deline self-adjoinl ope.ator and g ve an exanrpe



I fl ffiIlll]fifl ll

b) LelHbea
such llrat
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15. a) Let H be a

and o{A)=

Hlben space. Consder A € BL(H) and A be sel adjoinl Then

A1=sup{ (A(x),4 :xEH,lx <1}.

Hilbedspaceand (An)beasequence n BL(H)and A € BL(H) be

Ah A + 0 as n J -. ll each An is setf adjoinl un rarv or noma

lnat A > saladtornr unirary or .ormal re\oacl.vely.

Ae BL(H).

(^11
"" tnlu{r:r<

b) Let H be a fii ie dirnensional H iLbed

thailherc is an odhonorrna basislor
prove thai A is a noma opelator' li

rhen prove rhat o6(A)coa (AJ

space over K and A E BL(H) SuPPose

Hconsisiing ol eigen values ol A Then
K = L{ , lhen prove lhai A is n faci a seLf

(4x16=6a)


