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| Semester M.Sc. Degree (CBSS - Supplementary)
Examination, October 2024
(2021 and 2022 Admissions)
MATHEMATICS
MAT1CO04 : Basic Topology

Time : 3 Hours ; _- > < Max. Marks : 80

PART._ A" -
& 1
Answer four guestions from thne parl. Eeeh queshen carries 4 marks.
s

T g_ A'\% 3 :
1. Let (X, d) be a metric F?peee,-]e}_ X € X and Iet"ef: 0. Prove that

A={ye X:d{x.NIe)is e elosed eu*eset,;ai. X.
\r %
2. Prove that every second eg'untebie space is separable. Is the converse

true ? Justify youranswerwith an example
‘\L ‘iﬁkt‘w' Ai;\ al‘%

3. Let (A, 74) be a euhspece efa tepelegrea&ﬁpac‘e (X, .F} Prove that a
subset C.of A is Gfeeed |n {A ) i and, enlyr if there Ie a closed subset
D .ofi(X, &) suchihet{} AﬁD N

= f, \ Jf_ o ﬁ,, r"-"::',f( \J

4. Let (X, 74) and (}{ Jg} be mpelegmal spacee and Iet (X4 x X,, &) be the
product space. Prove that the prOJECTIDﬂ maps are continuous. Also show that
the product topology is the smallest topology for which both projections are
continuous.

5 FA topological space (X, &) is connected if and only if no nonempty preper
subset of X is both open and closed.

. 6. Define Cantor set. (4x4=16)

P.T.O.
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PART - B

Answer four guestions from this part without omitting any Unit. Each guestion
carries 16 marks.
Unit — |
7. a) Let {7, : @ e A) be a collection of topologies on a set X. Prove that
n{Z, o e A)is a topology on X.
b) Let X be a set and let . be a collection of subsets of X such that

X=u{S:5 e ). Prove that ihere Isa un!que topology #on X such that
.+ is a subbasis fer A Cy

%

c) LetX={1,2, 3,4, 5 and.’f—{{ﬂ -{ 1474 3} {2, 3, 4},{3, 5}}. Prove that &
is a subbasis for a topology on X Aiee find &

8. a) Let A and B be 5““%15 of a tepelegrem‘;peee (X, &). Prove that :
i) Ais open if and enly |ng9- int A-»J )
i) int (A) cint(B) whenever-ﬁ._r; B_ »
iii) int (A ~ B) =.int tA) & mt{E}
iv) int (A) w.int (B) t:?[gt {A u‘B} Q

b) Let n e ‘N and &.is the ueuat tepelegy*e R" Preve that (R", &) is
second ceuntabie 3 &I‘
.

’f ‘\
S SRL N
9. a) Let (X, 5“;.’be aiepeiegreal epace L_et Ac }{‘andlei X & }{ Prove that

-\..J/

i

/

i) if there is a sequence ef pelnts e'f J}h hat cenvergee to x, thenx e A.

i) if (X, 7) is first countable and x € A, then there is a sequence of
points of A that converges to Xx.

b) Let (X, d) be a complete metric space and let A be a subset of X with

subspace metric P =d|, , a)- Prove that (A, P) is complete if and only"if
A is a closed subset of X.

c) Let (X, ) and (Y, %) be lopological spaces and letf : X — Y. Suppose
(X, &) is first countable and for each x € X and each sequence (x.}
such that (x_) — x, the sequence (f(x,)} — f(x). Then prove that f is
continuous.
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Unit - i

10. a) Prove that the topological properties Hausdorff and metrizability are
hereditary.

b) Let {{X,. %) : a € A} be an indexed family of first countable spaces and
let X = H x - Prove that (X, 7) is first countable if and only if 7, is the

trivial topolsgy for all but a countable number of o

11. a) Give an example o show lhat separabjhw IS not heredltaw

b) State and prove F‘astrng lemma.

{ R
5.

c) Let (X4, %) and {KE,:F'E } be ‘IODD&QQICal spaces, and fori=1, 2 let #; be
o

bases for ;. Then p&re ethat@= (UxV:Uge@; andVe %} is a basis
for the product lopclegy ;\cn Xy % Xs. ol

A
T

12. a) Let {(X,, 7,) "o €A} ﬁe an i‘i;‘l\daiced family of topological spaces, and
%

for each o e A, let(A,, ﬂa] be a‘subspace of (X, 7). Then prove that
the product topologyion HV'} is thaﬁ%@e as the subspace topology on
H Ao (S deterrg,ned byihe product tgpolc:gy on I—[ e

A A | ﬁ:-f

/ ./
b) et (Y, Za) : ué\{(ﬂ:re an mdexed fafrmiy of. topclmglcal spaces. Let  be
) —#‘/

the product tcpclogy DI'I Y HY, A Iei {}{ ) be a tcpolagjcal space,

"-ul’n —

and letf ; X — Y be a function. vae that f is continuous if and only if
, 0 f is continuous for each a e A.
= Unit =1 -
13. a) Let 7 be the usual topology onR. Prove that (IR, &) is connected.
b) State and prove intermediate value theorem.

c) Prove that the Cantor set is totally disconnected.
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14. a) Prove that the fixed point property is a topological invariant.

b) Prove that the topologist’s sine curve is not pathwise connected.

15. a) Let {(A_. Fxo) : @ € A} be a collection of connected subspaces of a

topological space (X, 97) and let A= A. Then prove that

e A

) I, .\ Ag#@Dthen (A, Z4) is connected.

i) HA=HN andAnﬂA 1-,£Ejfnreachnt:f§ then (A, Za) is

connected. *"x‘ "_-; T A

b) Prove that a mpologlcai space (X, ?) is locally connected if and only if
each component of each ‘open 53! .{S’GpEﬂ

c) Prove that every O-di ‘Egnsmnal T space is totally discon nected. (4x16=64)
w {‘VJ
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