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| Semester M.Sc. Degree (C.B.S.S. — Supplementary)
Examination, October 2024
{2021 and 2022 Admissions)
~MATHEMATICS
MAT1 Co3 : HeaIAnalysls

Time : 3 Hours s ' “ Max. Marks : 80
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Answer any four questions frem ti‘:’lisv,Part. Each guestion carries 4 marks.
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Define countable set. Pfgue tqilf the set of all integers is countable.

Vo -
: _Cn X o J,,&) .
If p is a limit pointofa se ‘E, then prr:we that every neighborhood of

£

p contains infinitely, many pmnts of E.;) ;
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When can ycu say that a func‘tron fis satd o be drﬁerentlable at a pointx 7

Suppase f and" g are: deﬂned on [q h] é"nd are differentiablé at a point
x € [a, b], then prove that f¥ g is d|ﬁerenllable atxand (f + g)’{(x) =1 (x) + g (x).

Suppose f is differentiable in (a, b). If {’(x) = 0 for all x € (a, b), then prove
that f is constant.

Let f be an increasing function defined on [a, b] and let xy, x4, ...., X, be
n + 1 points such that a = x; < Xy < X5 < ... < X, = b. Then prove that

3 (%, +) ~ f(x, )] < f(b) ()

Prove that f(x)=x cos[ 1] if x # 0,f(0) = 0 is of bounded variation on [0, 1].
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Answer any four questions from this part without omitting any Unit. Each
question carries 16 marks. (4x16=64)
Unit—1

7. a) Let {E .}, n=1,2, 3, ... be a sequence of countable sets and put
S=w, E.. Then prove that S is countable.

n=1"—n"

b) Suppose y c — X. AsubsetE of Y is open relative to Y if and only if
E =Y m G for some open subset G of X.

-~

8. a) Show that there exist i[::.(;l;fer_::_t_hséts in Hi_Which contain no segment.

b) Prove that a subset E_Qf. the real ling FiT is connected if and only if it
has the following property. h

Ifx €E,y €E, andX<.z <y, ther’j Z'EPEN

9. a) Prove that a mapping f ofia metric space X into a metric space Y is
continuous on X-if-and enly'if =MV is open in X for every open set
Viny. ’ . {

: 3;0 N o : .
b) Suppose fis a cgnunuoqs’map@ng/of a compact metric space X into
a metric spaceﬁi@?Ther?‘pﬁiwegthaf (X) is compact.

c) Iffis a continuous mapping afa meg'gﬁspace X into a metric space Y, and
if E is a connecfed subset of X, then prove that f(E) is connected.
/ ;: '\\ Uﬁ]to_\_ﬁﬁ’ : .A— , L
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10. a) Suppose.fis continious on [a; b], ¥(x) exists atsome point x € [a, b],
g is defined on an interval.llwhich”contains the range of f, and g is
differentiable at the paint f{x). Tf h(t) = g(f(t)), (a = t < b), then prove
that h is differentiable at x and h’(x) = g’(f(x))f'(x).

b) Give an example of a function f, which is differentiable at all points x,
but " is not a continuous function. Justify.

11. a) State and prove Taylor's theorem.

b) Suppose fis a continuous mapping of [a, b] into Rk and f is differentiable
in {a, b). Then prove that there exists x € (a, b) such that
|f(b) —t(a)] = (b—a)|f" (x)].

c) Define Riemann-Stiletjes integral of f with respect to « over [a, b].
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12. a) Suppose f is bounded on [a, b], f has only finitely many points of

13.

14.

18.

b)

b)

discontinuity on [a, b], and « is continuous at every point at which f
is discontinuous. Then prove that f € R(a).

Supposefe R(a)onla,b]l, m = f = M, ¢ is continuous on [m, M] and
h{x) = ¢ (f(x)) on [a, b]. Then prove that h € R(«x) on [a, b].

Unit = 11l

State and prove the fDrmuJa for “integration by parts”.
If f and F map [a, I::] mtc: H“ if fe-Ron [a b] and if F* =1, then prove

that j f(t)dt = F(b)— { ). -
tffmaps [a, b] |nt0 FIk and iff e R(c }Iﬂr some monotonically i lncreasmg

function o on [a, b], tbtsn proye that ]ﬂ% R(ct) and _[fdu a[[f]da

i
Let f be of bounded variation on [a b} and assume that ¢ € (a, b).

Then prove thatf is af bﬂunded uan:iumn on [a, c] and on [c, b] and
Vi(a, b) = Vi(a, cj+F:u'f{r; b} }’

Let f be of I:J{:ﬁ}caed vhnglon an [a i::] Let V be defined on [a, b] by
V(x) = Vi(ayx) if a-.:%“f: b, M(a) = 3 35. ), Then prove that
1) Visan mcrgasmg fugctmn on [:51l b]

i) Vefis am(icreas@g function-an [a/b]
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Define F{ectrfiabﬁe pafhs and |ls arc- 1engih If ce (a, b) then prove
that A,(a, b} = A(a, ¢) + {c &)

Consider a rectifiable path f defined [a, b]. If x € (a, b], let s(x) = A(a, x)
and let s(a) = 0. Then prove that

i) The function s so defined is increasing and continuous on [a, b].

ii) If there is no subinterval of [a, b] on which f is constant, then s is strictly*
increasing on [a, b].




