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5806 MAT : Real Analysis
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1. Fill in the blanks.

a) Thesetof all xe rRthatsatisfy l*'-rl<s is

b) lf xev' (a) for ae IR and lor every e>0, then x =

c) int { 1'n. ru} =' |.n )

d)Everynon-emptysubsetofIRthathas-hasaninfimuminIR.(W=1)

Answer any six questions from the following (Weightage one each).

2. lf yr0,showthatthereexistsomenu e [Nsuchthatn,-1 < y s ny.

3. lf a, b e IR, prove that il"l-lnll=1"-ol.

4. Prove that a sequence in IR can have at most one limit.

5. lf X= (xn) isaconvergentsequenceof real numbersand if xn >0forall n e N,
show that x = lim (xn) > 0.

6. Prove that tim[:'nl):9.
[n )

7. Show that the sequence (Yn) is a Cauchy sequence

8. State the Ratio test and Raabe's test for the convergence oJ a series.
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9. lf lisaninterval,f :l -+ IRiscontinuouson landif f(a)<k<f(b),a, b e l, k e IR,
show that there exists a point ce I between 'a' and 'b' such that f(c) = k.

10. lf f :A -+ IR, where4 c IR, isuniformlycontinuousonAand if (xJ isaCauchy
sequence in A, prove that 1t1xn)) is a Cauchy sequence in IR. (6x1=6)

Answer any seven questions from the following.lWeightage 2 each).

11. show thar there does not exist a rational number x such that x2 = 2.

12. Prove that the set IR of all real numbers is not countable.

13. lf (xJ is a sequence of real numbers, (an) is a sequence of positive real numbers

with lim (aj = 0 and if forsome constant c > 0 and m utN, lXn-Xl. C."n, fot
fl ) ffi, where X e IR, show that lim (xn) = x.

14. lf X = (xn : n e N) is a sequence of real numbers and fil eN, show that the m-tail
X, = (",.'.,*n : n e N) of X converges if and only if X converges.

15. lf a sequence X -' (xn) of real numbers converges to a real number x, prove that

any subsequence X'=(Xnn) of X also converges to x.

16. Show that the series I.,/^, is convergent.

17 . lf X = (x) is a convergent monotone sequence and if the series I yn is convergent,

prove that series Ixnvn is convergent.

18. lf I = [a, b] is a closed bounded interval and if I : I -+ IR is continuous on l, prove
that the set f (l) = {f (x) : x e l} is a closed, bounded interval

19. lf I is a closed bounded interval and if f : ! -+ IR is continuous on l, prove that f is
uniformly continuous on L

2a. lf f : I + IR is increasing on l, where I s IR is an intervat, prove that

-$1 t - sup {f(x) : x e l, ". ,}, where cel is not an end point of l. QxZ=14)
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Answer any three questions from the following (Weightage 3 each).

21. lf S is a subset of IR that contains atleast two points and has the property that

[x, y] g S wheneverx, y e S with x < y, then prove that S is an interual.

22. lf ln = [an, bnl, n e Nl is a nested sequence of closed bounded intervals, prove

that there exist a number (. IR such that (e ln for all n e N.

29. Prove that a sequence of real numbers is convergent if and only if it is a Cauchy
sequence.

24. lf I = [a, b] is a closed bounded interval and if f : I -+ IR is continuous on l, prove
that f has an absolute maximum and an absolute minimum on l.

25. State and prove the continuous inverse theorem. (3x3=9)


