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I\]IATHEI\4ATICS
[4AT4C15 : Opetaior TheorY

Timp 3 Holrs Max llarhs ]80

PART ' A

Answer a ny lou r queslions lrom this Parl Each queslon carries 4 marks (4x4=16)

1. Lel X be a normed space and A e BL(X) Thei prove thal A is inve'1ibe ii and

on y A s bounded below and surieclve.

2. Lel X and Y be normed spaces. Lel F, and F, be in BL(X, Y) and k e K Then

,l .T L._t.d.o,.L\ kr.

1ll , . -no\ ',v n"nom,o.oacex. n61 ho$ ndr r' !" \

4 Ler x and Y be normed spaces and F:x r Y be linear Prove lhal F is a

compacl map I and ony il ror every bo!nded sequence (r")ln x (F(x-)) has a

subseq!€nce whch converges n Y.

5. Lel H be a H bed space and A € BL(H) Then prave thai Z(A) = B(A') and

z(A')= R(A) .

6. OelnenurnencalrargeolanoperatoronaFibenspaceandproveordsprove

thal I is a closed subsel 01 K.
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dn wpr any rour oJ : I oJr or -r o rnv Lach

t-p ron ;r l6ndr {4 16 641

Unil - I

7 a) Lel x be a rormed space a'd A F BL(X) be o1l 
'i1e 

rank Then prove lhal

6!(4)=o(A)=o1A)
hl l€1 X be a Ba.ach space aver K and A ' BL(X) Lel k L: Kslchlhal-' 

j-6]; 
' 1a' . r", s"." p""Lr ve nlesei p Then prove thal k 

' 
o (A) and

r r.r, !L.
a) Lel x be a nonzero Banach space over A and A € gL{x) Then prove thzl

X be a dense slbspace ol X For ! € X e1

x io X". Then plove lhal lh€ map F is a lnear

q Le \opo or "dsp"'paro'^^ 
\ 'd ooFhr''

' " 
'. 

-";-; .'0":,'1.'., oo.rl I i ' 
/. ' i' " oo' - opd o " "' "rd

' 
';" 

'""' I or a ub Pr

ol x trhose srran s dense in X

Fo"'dble otrFo sod'p I p_ po " 'h' e " oo_ ded

.p. cr. -" r. ^ l'd. . v Fd_ or /' qF L sub 'ou" '

Unil ll

10 Lel X be a normed space Then prale thal x is rejLexive I a'd onlv I every

bounded sequence lnX has a weak conve'genl slbsequence'

rj ;, L-aX"rd. ob onoo pa.F.onol./ , b' rF"r lci o'l uq'
" ;;" "-,;," 

,,, 'n p o/p a r ' o oaoo I aao dro o'r osad

.V.conu"t""v p,ote lr,,r ij X and Y are Banach spaces Fisacompacl

.up u"O ntrl li 
"ro*,r 

n Y, lhen F s conllnLr'Lrs and oj J nile rank

b) Let X and Y be normed spaces and F XiYb€ near LelXbereierive

and F(x,l i F(x) in Y whenever x. !x lnX Then prove lhal F E CL (X Y)

r.(A)=. ni a '=rim]A"il

b) Lel X t'e a .ormed space and

F(r') denole lhe reslnclon oi
lsomelry Jrom X onlo X -
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r2. al Lel X be a norme.l space, A . CL(x) and0'k.K J(x.)isabound€d
sequence in X such lhal A(1,) kx" + y i. x then prove lhal there is a

subsequence (x") or (t.) such lhal t" ) r in X and A(x) kx = y

b) Ler Xbeanormedspace and A: X iX. Lel0: k € KandY beaproper
closed subspace ol X such thal (A - k ) (X) . Y Then prove lhal lhere s
some x -. X such lhal lx = 1 a.d lor ally . Y

l
A(.) 41v) ,

Unit - lll
13 a) Lel H be a Hilben space and A . BL(ll) Then plove thal tlrere is a unique

B -. 8L(H) such thal lor allx, y € H,

(A(x).vl= 1x, B(y)).

14 .)

b)

r5. a)

Ler F be a Hilbed space and A E BL(H) Prove lhe io ow ng

) B(A) = F f and on y d A'is bounded below

) B(A') = rl I and only iA s bounded below

Lel H be a H lben space and A E BL(H). LelA b€ sell adjornl. Theo prov€ lhal

lal = sLrp{l(a(x). x) I :x € lr, llx l< 1l

and A= 0 1 and ony I(A(x),1) =01o, alx e H.

Lel A e BL(H)be seladloint. Then provelhalaor-A s a posilve operalor

I and only it lA(x), y)|'. s (A(x), x) iA(y), y) lor alrr, y E H.

Ler H = {0) and A c BL(H) be sell adjornl. Then prove lhal

1m^. M"1.6.(4) = o(A). tm, rv,l.

b) Lel H + {0). Lel A e BL(H) be s€]1 adjoinl Then prove lhal

-lA = mar{ m.. M,ll = sup{lk : k E a (A)).


