
lll ll l lllll $ I K21P 0239
-.51!:_'ir\,

Red No : ,c7' I

Name : t: :

" ;-_,i ''
lV Semester M.Sc. Degree(C.B.S.S. Beg"/Suppl. (lncluding Mercy

Chance),4mp.) Examinalion, April 2021
(2017 Admission Onwards)

MATHEMATICS
MAT 4C 15 | Ope.ator Theory

PAFT A

Answer fou. qleslions lrom lhis Part Each question caifles 4 marks.

1. LelX bea nornred space and Abea boufded operator on X lik. q(A),
then prove lhalthere s a sequence {x"l ln X wilh lx^ l= 1 lorevery n such lhai
l(A - kr) (x.) ;0asnin.

Let X. Yand z be normed spaces ll F EBL(X, Y) and G € BL(Y, Z) lhen prove
lhat (GF)'=FG, whereF denoles lhe lranspose oilhe operalor F

Slale lrue or lalse and jusl ty Every weak convergence sequence in lhe dual
ola no r.o od e swadr'ron\egP_(

4. State lrue or Ja se and jlsiiiy. Every I niie dimensional normed space is

5 Statelrue orfalse and justiiy. "Every conl nuoLrs linearmap on a nomed space

Lei A be lnilary operalor on a Hi berl space F Then prove thai I Al = L

Prove lhal lhe numerica range oi a bounded operalor on a Hibed space is

6

7.

8.. Deline Hllberl Schmidl operator on a separable Fiberl space and give an
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Answerfour questions from ths Parl wilhoul omininq any unit Each quesiion

Unil-l

9. Lel x be a Banach space and A € BL{X) Then prove lhat

a) A is inverlible f and only ilA is bounded below and the range ol A is dense

i.X
b) The set ol all invedible operalors is open in BL(X)

10. Let X be a Banach soace over I and A € BL(X). Then prove that

a) o,(A)e o-(A) e 6(4)

b) o(A) s non-empty

1l Lel X and Y be normed spaces and F E BL(X, Y)

a) ll X is separable, then prove lhat X s separabie.

b) Provethat F'= F = F" andF^Jx-JyF where Jx and Jr are lhe canonica
' embedding ol X and Y into X"and Y' respecilvely.

12. Lel X be a norrned space

a) li X is i nite dimenslona , lhen prove lhat the weak convergence and norm

convergence are lhe same.

b) ll X is separable, lhen prove ihal €very bounded sequence in X has a

weak' converqenl subsequence

unit - ll

13 Lel x be a normed space.

a) ll X s rerexive,lhen prove ihal every bouhded sequence in X has a weak

convergenl subseqLence.

b) ll X is uniiormly convex and {x"} s a bounded sequence in x such thal

lx"l ) 1 and lx,, + x,, J2asn.mi' lhen provelhal {x")is a cauchy
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14 Let X be a normed space.

a) li x is re{ exive, then prove lhat ils dua x' is also rel€xive

b) 1X is Banach and lnlformly convex,lhen prove thal X ls rellexve

15 Lel X anclY be normed spaces and F XJYbelnear'

a) Prove lhal F ls a compact nap il and onlv il lor every bounded s€quence

{x.,} in X {F(x,)} has a subsequence which converses in Y

b) lf F is compact then prove thal F is aso a compacl map

16 Let X be a normed space and A . CL(X) Then prove lhal

a) The eigenspeclrLrm and the spectrurn ol A are couniable sets and zero s

lhe only PossLbe limit Poinl of i1

lJnit- lll

17. Lel H be a Hibed space and A € BL(H)

a) Prove lhat there s a Ln que B e BL(H) such thar (AA) vl= i B(J/)l fo'
every x. y . H Can we drop the compleleness oj H ? Jtstify

b) U R(A) = H, lhen prove lhat A' s bolndecl be ow, where A' s lhe adloinl of A

18 Le n oe a -rlo"1 rod_e o{o d_d a Bl H)

a) lr A,s set-adloinl then prove that lAl = sup 1lA(x) x) x -'H x l< r]

b) Prove that lhere a.e uniqle self adjolnt operators B and C on H slch thal

A=B+ C.

r 9. Lel H be a H lberl space over aand A e BL(H)

a) Prove ihal o(A) = 6i(A)U{k:(. d.(A')}

b) llA s a sell adioint ope ralor' then prove lhat A': > 0andA < lAlll where

I is lhe denrly operalor on H

20 Let H be a Hiben space and A. BL(H)

a) li A s compacl, lhen prove thai A' is also a compact operalor'

b) ll A is a Hllbert_schmdt operator, lhen prove lhal a' rs also a Hilberl_Schm dt


