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lV Semesler Nl.Sc. Degree (CBSS-Beg-/Suppl"4mp.) Examination, April 2020
(2017 Admission Onwards)

IIATHEt\IATtCS
lllAT 4C15 : Operator Theory

PART A

(Answer any tou r qlest ons lrom this Pan. Each qlesl on cares 4 marks )

1 Give an exampte 01 an operator A such that oe(A) s a proper subser or 6a(A).

2. x" r+x and k" i k n K rhen srrow thal k"x,, -!rkxi. x

3. Show thaltnne dimensona a.d st crly corvex spaces are unlofiry convex

4 Delne Flaylergh qlor ent of an operalor.

5 Lel E bea measurable subset ol R and H = Lr(E) Fixz n L-(E)and deiine
A(x) = 2x x € H. Show thal A s un lary il and or y r lzl = 1.

6. Lelll be denolelhe H lbertspaceola doubtyinfinile square sunnabtescaar
sequences x = (x(j)) j= , 2.-1,a,1 2,.. Forxi.H, e1A(x)(j)=x(j 1)ior
al I. Then show thal A s a untary operato. on H. (4x4=16)

PABT B

(Answeranylourqueslioislromlh s Parlwithoul omiliing any Unit Each question

UNIT I

LelX a Banach space over KandA€ BL(X) Let k e

lor postive nieger p. Then prove lhal k € 6(4) and

and lor every k € o(A) lkl < irln=r , a" ; < a
Deline dua bass oj a normed iinearspace and sive

(A r) = );-
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a.le r "o ' , - ". o'o'" na he drdl ol ^ sr.rhenormpq
llos"",. o""' o^-r i a'or r,

b) Let X, Y and z be iomre! spac€s Let Fj and F2 be n BL(X, Y) and k € (
The. prove thal (Fr+F,) =Fi-F; and (kFr)'=kFi Let F E BL(x y) and
G BL !./) p po.":so-:rrO r'c

9 a) Lei X and Y be normed spaces aid F e BL(X, Y). Then prove that
F'l = |F = IF" l and F'!x = JyF. where Jr a.d Jy are lrre canonica

embedd ngs ol X and Y i.lo X" a.d Y", respeclvey.

b) Let X be a nomed space and {xnl be a seqlence n X Then prove thal
lxn) s weak conversenl nX randony i { )(xn) s a bounded sequence in
Xann( )|rere is some x E x such that xlxi); x'(x)ror every x' n some
subsel oj X' whose span sdenseinX'. nthalcase.asoprovethatlorevery
subsequence (xik)oj (xn) x beongslothe cos!re oJ (1xij xi, cdotsl) and
lxl < m inrn__.lxnl.

UNIT IL

l0 a) Lel X be a reflexve normed space. Then provethal everyclosedsLbspace
oi X s rellex ve.

b) Lel X a.d Y be normed spaces and F X I Y be inear compacl map
then prove that F(U) is a lolally bounded sLbsel ol Y. Also prove thar il Y
ls a Banach and F(U) s atolaly bounded subsel ol Y thenFisacompact
*ap.

c) Del ne rel exve spaces ard qrve an example.

a) Lel X and Y be normed spaces afd F XiYbe iear LetFc CLIX.Y),
where CL(X Y) denotes the sei oi a compacl i.ear maps from a .omed
spaces x ro a normed space Y I x. i+r n x then prove lhat

b) Le1 X be a normed space aid A c CL(X). li X s ii.le dime.sio.a lhen
prove thal0 € 6a(A)

a) Glve an examp e oi a inear space whclr is nol unijormly convex.

b) Lei X be a normed space and A. CL(X). Ther provelhal {k:k E oe(A'),
k + 0l = {k:k E 6e(A). k t 0}. whereA' s lhelranspose oiA

]I
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UNIT - II

13. a) LetHbeaH benspace ConsderAeBL(H).ThenprovelhalA s nverube
iandony iA' s nvertibeand ntharcase(A) 1=(A_1)'

b) Let H be a Hi bed space ConsderA €BL(H). Then prove lhatthe cosure
oj B(A)equas z(A1)l and closure of F (A') eqrars z(A)r.

c) Let H be a Hllbert space ConsderA eBL(H). Then prove thal A s.ormal
landony tlA(x)l =lA'(x)l ioralx€F n ihat case prove that
llAl = IAA'll=lAlz

14. a) LelHbeaHlbedspace.LetAandBbeLntary.ThenprovethatABis!nitary.

Aso, A + B is !ntary t ard only I il s suriective and Fe lA(x), B(x, = l
o ere v.. ". 1,1 - ,

b) Stale andprove Ge.era 2ed Schwarz inequaity

15 a) Lel H be a no. zero H bed space and A € BL(H) be sell adjo nt Ihe. prove
thar {mA, rr,1A} c 6a(A) ctma MAt.

b) Lel A be a compacr operator on a H ben space H + {01 Then show thal
every non 2ero approxmale egenvaue ot A ls, in iacl, an egenva ue of a
andthe corespondng egenspace s Inte dihensional.

c) Dejne Hilbert Schmidt Operator and give an exampe, (4:16=64)


