EATRRNEARTEEE ORI K22P 1408

1._,";_,4"" —~ =
Sy o
a1=Ts B [« B L
{ LIBRARY %
; £ X ).
MBI S snmsisantasism i, S P

o Bt I
Il Semester M.Sc. Degree{CBS8"" Reg./Sup./Imp.)
Examination, October 2022
(2019 Admission Onwards)
MATHEMATICS
MAT3C11 : Number Theory

Time : 3 Hours Max. Marks : B0

PART — A

Answer any four guestions from Part A. Each question carries 4 marks.

1. Prove that the infinite series {“ 1/P, diverges.
=

2. State and prove Euclid's lemma.

3. If {is multiplicative then prove that f{(1} = 1.

4. Assume that (a. m) = d. Then prove that the linear congruence ax =b (mod) m
has solutions if and only if d|b.

5. Determine whethar 219 is a quadratic residue or non residus mod 383,

6. Provethatan algebraic number o is an aigebraic integer if and only if its minimum
polynomial over Q has coefficients in Z.

FART - B

Answer any four guastions from Part B not omitting any Unit. Each qguestion
carries 16 marks.

Unit =1

7. a) State and prove the division algonthm.
b) Prove that evary integern = 1 is either a prime number or a product of prime
numbers
P.T.O.
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8. a) Ifn = 1, then Prove that ¢(n) = Z,u(d}a__

din
by Assume f is multiplicative. Prove that f Yn) = u{n) f(n) for every square free n.
9. a) State and prove Lagrange's theorem.

b) Solve the congruence 5x = 3(mod 24).

Unit -2
10. a) Prove that the Legendre’ symbol (n|p) is a completely multiplicative
function of n.
b) State and prove quadratic reciprocity law.
11. a) Let (a, m) = 1. Then prove that if a is a primitive root mod m if and only if the
numbers a, a2, ..., a®™ form a reduced residue system mod m.
b) If pis an odd prime and «« = 1 then prove that there exist an odd primitive
roots g modulo p* and each such g is also a primitive root modulo 2p™.
12. a) Write in detail any one application of primitive roots in cryptography.
b) Solve the superincreasing knapsack problem.

28 = 3x, + 5%, + 11x5 + 20x, +=’-‘.l1><5

Unit-3

13. a)-Prove that every subgroup H of a free abelian group G of rank n is free
of rank s < n. Moreover there exist a basis u,, U,,... ,u, of G and positive
integers o, o, ..t such that, o Uy, tat,,.., o U, 1S @ basis for H.

b) Let G be a free abelian group of rank n with basis {x;, X5..... x.}. Suppose
(a,) is an n x n matrix with integer entries. Then prove that the elements

e Za X tform a basis of G if and only if {aij]l 1S unimodular.
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14. a) Suppose {4y, Oy ..., ot} € D form a Q-basis for K. Then prove that if

T

Altty, Oy ..., 0, is Square free then {o, ¢y ..., o1} Is an integral basis.

b} Prove that every number field K possess an integral basis and the additive
group of D is free abelian group of rank n equal to the degree of K.

15. a) Letd be a square free rational integer. Then prove that the integers of Q{Jd)
are

a) Z|vd|ifd #£1(mod 4)

4
i

o) Z| |+ L Jd|ifd % 1(mod 4).
22

2mn
b) Prove that the minimum polynomial of £ =e® , p an odd prime, over Qis
() =tP" +tP2+ _+t+1andthe degreeof Q(Z)isp - 1.




