—

[T

I

IR THL K23P 3296

Hed; N unnansasmauia

T Y

First Semester M.Sc. Degree (CBSS — Supple. (One Time Mercy Chance)/imp.)
Examination, October 2023
(2017 to 2022 Admissions)
MATHEMATICS
MAT1CO02 : Linear Algebra

Time : 3 Hours 1 Max. Marks : 80

PART <A
Answer four questions from.this part. Each question’carries 4 marks.

1. Let A be an m x n matrix with entries in the field F. Prove that row rank
(A) = column rank [A).

2. Let T be a linear operator on'R®, the:maitrix of which in the standard ordered

1 &N T
basisis A= 0 1 t|.WFind abasisfor thé"ra’nge of T and a basis for the null
e 3y - |
space of T.
= 0,0 ¢ ek
3. LetFbeafieldandlet A={ 1 0_'b lt be a3 x 3 matrix over F. Find the minimal
0 1 aj

polynamial for A.

4. Let T be a linear operator on an n-dimensional vector space V. Prove that the
characteristic and minimal polynomials for T have the same roots except for
multiplicities.
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5. Let T be the diagonalizable operator on R? whose matrix representation with respect

(5 -6 -6]
tostandardbasisis A =| -1 4 2 |.Usethe Lagrange polynomials to write the
3 -6 —4]

representing matrix A inthe form A=E, + 25, B, + E; =L E;E; = 0.

6. State and prove polarization identities.

PART - B

Answer four guestions from this pan without omrttmg any Unit. Each question
carries 16 marks.

Unitf'-zi :

v

7. a) Let V and W be vectok spaces over the field F and let T be a linear
transformation from \ into W. Suppcrsethaﬂf isfinite dimensional. Prove that
rank (T) + nullity(T) = dimgVe A AN

b) Let V be the space ©Of m]ynﬁmial fum;:trinns f from F into F, given by

f{x) = cg + C4X £, 6. +ckxk Describe the range and null space for the
d:fferenhatl{:}n transformatmn fmm ‘u’ mtﬂ ‘u’

r» o
8. a) Let V and'W be vegtor SpaCES aver the fleld F.-Prove that L(V, W) is a
vector space over F with the additions and scalar multiplication defined as
(T+U) (o ] fo+umand feTIhee }—c{'l'o:) whereT UeL(V, W) and ceF.

b).Let'T be the linearoperator on C3 for whjch TE1 =(1,0,1), Tey = (0, 1, 1),
Teq=(i,1,0). 1s T invertible:——__——

9. a) LetV be a finite dimensional vector space over the field F, and let . = (o0 an}

be a basis for V. Prove that there is a unique dual basis .+ * = =1t vt
_for V™ such that fi(ey) = &;. Also prove that for each linear functional f on V

we have f= Lf f. and for each vector o in V we have o = ZT (oo, .
i=1

b) Let = = {wq, o, ag) be basis for C3 defined by a,=(1,0-1), 0=(1,1, 1),
tq = (2, 2, 0). Find the dual basis of =,
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13.
14.

T

Unit -1

a) Let T be a linear operator on a finite dimensional space V and let ¢ be a
scalar. Prove that the following stalements are equivalent .

i} cis a characteristic value of T.
i) The operator (T — cl) is singular.
i) det (T —cl)=0.
b) Let T be a linear operatoer on R® which is represented in the standard ordered

(-9 4 4
basis by the matrix [-_g 3 4 |. Prove that T's diagonalizable by exhibiting
-16 8 7 '

a hasis for R®, each vector of which is a.characteristic vector of T,
State and prove Cayley Hamilton theorem.

a) Let V be a finite dimensional vector'space over the field F and let T be a
linear operator on'V..Prove that T is diagonalizable if and only if the minimal
polynomial of T has theform p = (¥—c,)..."~ (x — ¢}, where c,, ..., C are
distinct elements of E.

b) Let V be a finite dimensional'vector,space and let W, be any subspace of V.
Prove that there is a sbbspace'W, of V.such thatV = W, & W.,.

Unit =Nl

State @nd prove-Primary. decomposition theorem.

a) State Cyclic decomposition theorem: Let T be the linear operator on RS which

ot "3 —4 =4
is represented in the standard ordered basisby | -1 3 2 |.Findnonzero
| 2 —4 -8
vectors oy, .. ., «, satisfying conditions of the cyclic decomposition theorem.

b) Let W be a subspace of an inner product space V and 3 be a vector in V.
Prove that the vector « in W is a best approximation to by vectors in W if
and only if  — o is orthogonal to every vector in W.

a) State and prove Gram Schmidt orthogonalization process.

b) Prove that every finite dimensional inner product space has an orthonormal basis.




